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µw,¶9:@/.UF+F:4�0~9s.1BD,Ej+4�J/4�F:0�6T.UI�45jO@L*�9�.UF+x�,/B#jO,·*-I�B-;<98J<.1¸�4�6:4�,b98oy*-6:.U*-,b9sF?B-f9s@/45J/.U6T4�0~9s4�J
C}.U,<.UC¹;/C¨ºwJ<4�kD6T4�4OF:cL*y,/,/.U,<kg9s6T4�4�c/6TBDI/e14�C»*-,/J
FT.UC}.Ue¼*y6�c/6:BDIKºeU4�CEF��¶>A@/4}9wj8B½CE*-.1,�oy*-6T.¼*-,b9:F�B-f8CE.1,/.UCg;/C¾J/4�kD6:4�4¶c/6TBDI/e14�C}F�*y6:4�9s@/BDFT4j8B-6:x�.U,/k�BD,·J/.16:4�0�9s4�J`*y,/J�B-,�;<,/J/.U6T4�0~9s4�J�kD6s*yc/@/F��¿ BhfÀ*-6E6T4�FT4Á*-6T0�@ÂfiBD6}9:@/4`;<,/J/.U6T4�0~9s4�JÃ0Á*-FT4`c/6TB|0�4�4�J<4�JÃfi;/6z9s@/4�6��Äµw,Ã9:@/4CE.1,/.UCg;/C�ºÅJ/4�k-6:4�4�F:c/*-,/,/.1,/kÆ9s6:4�4�c/6:B-I/eU4�C j+4Ç*y6:4�kD.poD4�,u*-,Ä;/,/J<.U6:4�0�9:4�JkD6s*yc/@
G
*-,<J¶@L*ÁoD459sBg0�BDC}c/;<9s45*�FTcL*-,/,<.U,/k%9s6:4�4�B-f_CE.1,/.UC¹;<CÈ9s6T4�4�*-CEB-,/k*-eUeLFTcL*-,/,<.U,/kg9:6:4�4�F���>A@<4�,/4~ÉK98eU4�C}CE*%FT@/B#jOF89s@L*�9�C}.U,/.1C¹;/C¨ºwJ/4�kD6:4�4�F:cL*y,|º,/.U,<k¹9s6:4�43.UFOÊ�Ë´ºÅ@L*-6:J

�?ÌKÍlÍÇÎnÏLÐÀÏLÐOÑ`Ò{ÓLÒ{Ô¨ÕKÔ¨Öz×KØÚÙ-Û�Ø�Ø�ÜwÝ<Þ-ÓLÓLÒ{ÓKÙ}ßÀÛ�Ø�Ø%ÒUÜ�àHá+ÖÚâ<Þ-ÛT×
á+Û�ã#ãåä�æ´�Ç4½6:4�J/;/0�4Ç25*-C}.Ue19:BD,çcL*y9s@Â9:BÆCE.1,/.UCg;/C�ºÅJ/4�k-6:4�4·FTcL*-,/,/.1,/kl9s6T4�4y�m3.poD4�,è*-,è;/,/J<.U6:4�0�9:4�JÄkD6s*yc/@

G
fiB-6EjO@/.10�@Äj+4�@L*ÁoD4½9:BÆJ/4�0�.UJ/4�jO@/4�9:@/4�69s@/4�6:4�.1F·*ç25*-C}.Ue19:BD,Ãc/*y9s@_éHj84�0�BDCEc<;<9s4h*lC}.U,/.1C¹;/C¨ºwJ/4�kD6:4�4`F:c/*-,/,/.1,/k9s6T4�4g.1,

G
��µÅ9�.1F�4�*-FTa�9sBFT4�4g9:@L*y9

G
@L*-F�*2�*-C}.Uep9sBD,�cL*y9:@½.1f�*-,/J�BD,/epa�.1f

G
@L*yF5*¨FTcL*-,/,/.1,/k�9s6:4�4�jO.19s@·CE*�É|.UC¹;<CêJ/4�kD6:4�4

2
�

�784�0Á*-;/FT4�B-f]9s@<4�*-I�B#oD4�e14�C}C¶*36:4�F:4Á*y6:0�@
fiB|0�;/F:4�J
BD,J/4~oD4�eUBDc/.1,/k¨*-c<c/6:BÁÉ�º.UCE*y9s.1BD,
*-e1kDBD6T.19s@<CEF�fiBD6H*-c<c/6:BÁÉ|.UCE*y9s.1,/k¨C}.U,/.1C¹;/C¨ºwJ/4�kD6:4�4�F:cL*y,/,/.U,<kE9s6T4�4y�>A@/4²tL6TFT9«*-c/c<6:BÁÉ|.UCE*y9s.1BD,�*-e1kDBD6:.p9s@/CèJ<4�oD4�eUBDc�4�J%Iba�ë´R<6:4�6\*y,/J%ì5*-k-@L*Áo-*y0�@L*-6:..U,Çíïî#ðX*-0�@/.U4~oD4�J�*E6:*y9s.1B}Byf
log(n) ñ jO@/4�6T4 n

.UFA9s@<4�,�;/C¹I�4�6HB-fXoD4�6z9s.10�4�Fsò~�AµÅ9j8B-6:x�F+Iba�I/;<.UeUJ<.U,/k�*�9s6T4�4OFT9:4�cEI�a�Fz9s4�c¶Iba¹9�*yxK.1,/k�9s@/4H;/,/.1BD,�B-f�eUB#j�ºwJ/4�kD6:4�4kD6s*yc/@/F��vµw,è*�F:4�0�BD,<Jdc/*-c�4�6ë´R<6:4�6*-,/JèìH*-kD@L*Áoy*-0�@L*y6:.H.UC}c/6:B#oD4�JÂ;/c�BD,9s@/4�.U6�tL6TFT98*-eUkDB-6:.19:@/Có*y,/JEc<6:4�FT4�,b9s4�J·*-,*yJ/J/.19:.1o-4Hc<eU;/F  *yeUkDBD6T.19:@/CÈfiBD6�9:@/4;/,/J/.16:4�0�9s4�J
0Á*-FT4 ñ íõôyð¼ò~� ¿ .U,/0�4�CE.1,/.UCg;/C�ºÅJ/4�k-6:4�4AFTcL*-,/,<.U,/k¹9:6:4�45.UF8Ê�Ë´ºw@L*y6:J9s@/.1FA.UF�9:@/43I�4�FT9H6s*y9:.UB¹j+4�0�*-,·@/BDc�4�9sB}*-0�@/.14�oD4y��Ç4g0Á*y,½kD4�,<4�6s*yeU.U��4�C}.U,<.UC¹;/C¨ºwJ<4�kD6T4�4�FTcL*-,/,/.1,/k¶9:6:4�4�Iba½*-e1eUB#jO.U,<k}FTBDC}4oD4�6T9s.10�4�F�C¹;/FT9N,<B-9�I�4A0�B#oD4�6:4�JS��>A@/.UF�0�BD6:6T4�F:c�BD,/J<F²9sB�9s@<4ACE.1,/.UC¹;<C�ºÅJ/4�kD6T4�4FT9:4�.U,<4�6+9:6:4�4-�²�Ç4�*-6:45kD.1o-4�,
*�F:4�9�B-f]9s4�6:C}.U,L*-e1F
T ⊂ V (G)

*-,/JEj84�@/*#o-4�9sB0�BDC}c/;<9:4¹*FTcL*-,/,/.1,/k9s6T4�4¹0�B#oD4�6T.U,/k·*yeUe\9s4�6TCE.1,L*-e1FHjO.p9s@½C}.U,/.1C¹;/CöJ<4�kD6T4�4*-C}BD,/k¹*yeUe�F:;/0�@
9s6T4�4�F��N>A@/4�tL6TFT9H*-c/c<6:BÁÉ|.UCE*y9s.1BD,¶*yeUkDBD6T.19:@/CófiBD6+9:@/.UF8c/6:BDIKºeU4�Có*-c/c�4Á*y6:4�J}.U,�í  ð]é�.19?*y0�@/.U4~oD4�J¶*�6s*y9:.UB�B-f
log(|T |) ;/FT.U,/k3,/4~9wj8BD6Tx¹÷LB#jOF��ø\*y9s4�6�ë´R/6:4�6}*-,/Jçì5*ykD@L*Áoy*-0�@L*-6T.A0�BD;/e1JrkD4�,/4�6s*-e1.U��49s@/4�.U6

+1
*-c/c/6TBÁÉ<.1C¶*�º9s.1BD,½*-e1kDBD6T.19s@<CöfiBD6�C}.U,/.1C¹;/C¨ºwJ/4�kD6:4�4�F:cL*y,/,/.U,<k9s6:4�4g9sB¶CE.1,/.UC¹;<C�ºÅJ/4�kD6T4�4FT9:4�.U,<4�6A9s6T4�4 ñ íúùyð¼ò~��ìO4�0�4�,b9sepaDéüû�eU4�.U,·c/6T4�F:4�,b9s4�J½*}C}4�9:@/B|J·fiBD6O*-c<c/6:BÁÉ|.UCE*y9Tº.U,/k�9:@/4HCE.1,/.UC¹;<C�ºÅJ/4�kD6T4�4?c/6:B-I/eU4�CýfiBD6N*-e1e/0�BD,<,/4�0~9s.1oK.p9wa¨0�BD,<FT9s6:*-.U,b9:FNjO@<.U0�@0Á*-,ÃI�4½C}BKJ/4�e1eU4�JnIbaÃc/6TBDc�4�6¶fi;/,<0�9s.1BD,/F ñ íÿþ�ð{ò���Ë�6:BDc�4�6¶fi;<,/0�9:.UBD,/F�éOC¶*-J<4c�B-c/;/e¼*y6HIba½m3BK4�CE*-,/FH*-,<J`�Ä.Ue1eU.¼*yCEFTBD,.U, ñ í��yð¼ò~é�J/4�tL,<4gfiBD6H4Á*-0�@�0�;<9�@/B#jC¶*y,�a�4�J/kD4�Fg0�6TBDF:F%9s@L*�9g0�;<9Á�·ÊHB-9s4�9s@L*�9�9:@/4EC}.U,<.UC¹;/C¨ºwJ<4�kD6T4�4¨F:c/*-,/,/.1,/k*-,/JÆFz9s4�.1,/4�6�9s4�4¶c/6:BDI<eU4�C 0Á*y,ÆI�4C}BKJ/4�e1eU4�JÇ*-F¹c<6:BDc�4�6gfi;<,/0�9:.UBD,/F���>A@/4�.16*-eUk-BD6:.p9s@/C *-0�@/.14�oD4�F¨*·6s*y9:.UB�B-f

cOpt + logc n
jO@/4�6T4

n
.UF�9s@<4¶,�;/C¹I�4�6%B-f
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oD4�6T9s.10�4�F�*-,/J

Opt
.UF�9:@/4�J/4�kD6:4�45Byf_9s@/4HJ/4�kD6:4�4�C}.U,/.1C¶*-eK9s6T4�4HFs*y9:.UFTf{aK.1,/k%9:@/40�BD,<,/4�0~9s.1oK.p9wa½0�B-,/FT9:6s*-.1,�9:F����8B-,/F:.1J/4�6�9:@/4¨fiBDeUe1B�jO.1,/kEoy*-6T.¼*-,b9�Byf+C}.U,<.UC¹;/C¨º

J/4�k-6:4�4�F:cL*y,/,/.U,<kE9s6T4�4y=8��4�*-6T4�kD.poD4�,�*-,`;<,/J/.U6T4�0~9s4�J�kD6s*yc/@½*-,<J�*}J<4�kD6T4�4I�B-;/,/JE*-,/J¶@/*#o-459:B�tL,/J¶*%FTcL*-,/,<.U,/k%9s6:4�4HoK.1BDe¼*y9:.U,/k�9:@/4HJ/4�kD6T4�45I�BD;<,/J¶,/By99sBKBÇCg;/0�@Â*-,<JnjO.19:@Ã*yFEe1.19:9:eU4j+4�.1kD@b9*-F}c�BDF:FT.UI/e14-�Â>A@/4·tL6TFT9
*yeUkDBD6T.19:@/CJ/4�o-4�e1BDc�4�J½.U,�í  ù-ð«0�BDC}c/;<9:4�F�*�9s6:4�4gB-fNJ<4�kD6T4�4¹*�9�C}BDFT9
O(d log(n/d)

*y,/Jj84�.UkD@b9O*�9ACEB-FT9
O(log(n))

9s.1CE4�F89s@<4�j84�.UkD@b9OB-f\9:@/4�eU.1kD@b9s4�FT9�9:6:4�4�6T4�FTc�4�0�9Tº
.U,/k�9s@/4EJ/4�k-6:4�4
I�BD;/,<J

d
�½û��D,/4�CE*-,/,l*-,/JÆìH*Áo|. ñ í �� ð¼ò%.1CEc/6TB#oD4E9:@/.UF%IbaJ/4�FT0�6T.UI/.1,/k�*y,g*-e1kDBD6T.19s@<CdjO@/.10�@�tL,<J/F²*A9s6T4�4?B-f/J/4�kD6:4�4

O(d+log(n))
jO@/BDFT40�BDFz9?.UFN*y9?C}BDFT9

O(1)
9s.1CE4�F²9s@/4O0�B-FT9+B-f_*y,EBDc|9s.UCE*-e�9s6T4�4HB-fSJ<4�kD6T4�45*y9NCEB-FT9

d
�
ëLBD6�9s@<4¨J/.U6T4�0�9:4�Jh0Á*-FT4�C¹;/0�@�eU4�F:F3.UF�x�,/B#jO,_��>A@/4�I�4�Fz9g*yeUkDBD6T.19:@/C 0�;/6åº6:4�,�9:e1ahx�,/B#jO,r*-0�@/.14�oD4�F¨*`6:*y9s.1B�B-f

cOpt + log(n)
.U,�c<F:4�;<J/Byºwc�BDepa|,<BDCE.U*-e9s.1CE4 ñ í - ð¼ò~�	 fi;/6T9:@/4�6Noy*-6:.U*-,b9NB-f�CE.1,/.UC¹;<C�ºÅJ/4�kD6T4�4+F:cL*-,<,/.U,/k39s6T4�4H*-6T.UF:4�F�jO@/4�,E4Á*-0�@

4�J/k-40�B#oD4�6:F¨,/By9¨BD,/epaÇB-,/4c�BD.U,b9Áé´I/;<9�*�jO@<BDeU4FT4�9¨ByfOc�BD.1,b9sF��`>A@/4
kDBb*-e.UF¹9:BÇC}.U,/.1CE.1��4�9s@/4·CE*�É|.UC¹;<C J/4�kD6:4�4 ñ jO@/4�6T4�9:@/4·J/4�kD6T4�4�B-f�*hc�BD.U,b9�.1F9s@/4�,�;/C¹I�4�6�Byf�9s.UC}4�FH.195.UF50�BD,b9s*-.U,/4�J½.U,`*E9s6T4�4�4�J/kD4Áò~�5>A@/4�6T4�*-6:4�F:4�o-4�6:*-eJ/.U6T4�0~9s.UB-,/F�.U,
jO@/.10�@�6T4�FT4Á*-6T0�@`c/6TB|0�4�4�J<4�J_=
• ìO4�Fz9s6:.10�9:.U,/k¹9:@/43c�BD.1,b9sFA9sB�I�4%.1,·*}4�;/0�e1.UJ/4�*-,·F:cL*y0�4
• 
 .1F:0�*-6:J/.1,/k}*-eUe�0�BD,<,/4�0~9s.1oK.p9wa
0�BD,<FT9s6:*-.U,b9:FµÅf�j+4`6:4�FT9:6:.U0~9E9:@/4�c�BD.1,b9sF�9sB�I�4�.U,r9s@/4�� 
 ºw4�;/0�e1.UJ/4�*-,çF:cL*-0�4½*-,<Jè*-JL*-c|99s@/4}C}4Á*-,/.1,/k·B-fO*-,h4�J<kD4Ej+4¶*y6:6:.poD4E*y9%9s@/4}CEBKJ/4�e�0�BD,/FT.UJ/4�6:4�Jl.U,ní�#ð+*-,/JJ/4�FT0�6T.UI�4�e¼*y9:4�6�� 	 ,/B-9s@<4�6�C}.U,/.1C¹;/CqJ/4�kD6:4�4Ac/6:B-I/eU4�CÈ.1F´9s@/48BD,/4�.1,�9:6:BKJ/;/0�4�J.U,�í  î�ð ��>A@/43c�BD.U,b9sF�*-6:4�e1B|0�*y9s4�J
BD,�*¹eU.U,<4�*-,/J
j+43@L*ÁoD4�9sB¨FT4�9O9s@/4�6:*-,/kD4�F9s@/4Ec�B-.U,b9sF�F:;/0�@l9:@L*y9g9:@/4¶6T4�FT;/e19:.U,/k�kD6s*-c<@l.UF�0�BD,/,<4�0�9:4�J_�`>A@/46:4�F:;/ep9s.1,/kkD6s*yc/@½0�B-,�9s*-.U,<F�*-,½4�J/kD4

(u, v)
.pfN*-,/J`BD,/e1a·.pf

u
6:4�*-0�@/4�F

v
*y,/J

u
6:4�*-0�@/4�F

v
� 	 c�BD.U,b9�6T4Á*-0�@<4�F3*c�BD.U,b9�.pf�.19:F�6:*-,/kD4¹.1F�kD6T4Á*y9:4�6�9:@L*-,½9:@/4¹J/.1FT9s*-,/0�4�9sB9s@L*�93c�BD.1,b9Á��>A@/4}J/4�kD6T4�4 ñ BD6�.1,b9s4�6zfi4�6T4�,/0�4¶*-F30�*-eUe14�J�.U,�9s@<4EcL*yc�4�6�ò�.UF�9:@/4C¶*�É<.1C¹;/Cö,�;/CgI�4�6�B-f�9s.1CE4�F�*Ec�BD.1,b9�.1F�0�B#o-4�6:4�J�I�a�9s@<4¹4�J/k-4�F�B-f?*}6s*-,<kD4*-F:FT.UkD,<CE4�,�9���>A@/4¨kDBD*-eX.1F�9sB¶0�BDC}c/;<9:4¨*¶6s*y,/kD4¨*-FTF:.1kD,/C}4�,b9�9�C}.U,<.UC}.U��.1,/k9s@/43.1,�9:4�6zfi4�6:4�,/0�4y�8>A@/4�*-c/c<6:BÁÉ|.UCE*y9s.1BD,·*-eUk-BD6:.p9s@/C».U,hí  î�ðX*-0�@/.14�o-4�F5*}6:*y9s.1BB-f

4
√

n
.pf´4~oD4�6Ta·,/BKJ/430Á*-,·0�BD,/,/4�0�9HjO.19s@·4~oD4�6za�B-9s@/4�6A,/BKJ/4-�µÅf�j+4¹J/.UFT0Á*-6TJ`9s@<4g0�B-,/,/4�0~9s.po|.p9wa�0�BD,/Fz9s6:*-.U,b9sFH9s@/4gc/6:BDI<eU4�C .1F�4��K;<.1oy*-eU4�,b99sB�9s@/4}CE.1,/.UCg;/C¾C}4�C¹I�4�6TF:@/.1c�c/6TBDI/e14�C��µw,�9s@<.UF%c/6:BDI<eU4�C�j+4*y6:4}kD.1o-4�,*0�BDe1eU4�0�9s.1BD,�B-f?F:4~9sF�*-,/J�j+4}@/*#o-4¨9sB
tL,/JÇ*
F:;/I/FT4�9�B-f?4�J/k-4�F

E ′ 0�B#o-4�6:.1,/k4�o-4�6Talc�BD.1,b9¹jO.19:@çC}.U,<.UC¹;/C CE*�É|.UCg;/C J<4�kD6T4�4-��>A@/4·c/6:BDI<eU4�C *-eUe1B#jOF¨*
(1 + ε)log(n)

*-c/c/6TB#É|.1C¶*y9:.UBD,EjO@/.U0�@�.UFA,/4�*-6:epaBDc|9s.UCE*-e ñ í  ��ð¼ò~�>A@/4E6:4�CE*-.1,/.U,/k¶cL*-6T9:F�Byf89s@<.UF3J/BK0�;/C}4�,b9g*-6:4�BD6Tkb*-,/.1��4�JÇ*-F�fiBDe1eUB#jOF�=3µw,F:4�0�9s.1BD,�9wj8B`j+4¶.1,b9s6:BKJ/;/0�4�F:BDC}4}fÀ*y0�9sF�*-I�BD;<9%0�B-CEc/e14~É|.19wa�*-,/J�.1,L*-c/c<6:BÁÉ�º.UCE*-I/.1eU.19wa-éü.U,�F:4�0�9:.UBD,�9s@<6:4�4¹j+4�c/6:4�F:4�,�9g*-,h*-c/c<6:BÁÉ|.UCE*y9s.1BD,½*-e1kDBD6T.19s@<C fiB-6
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v ∈ W

ßwã
r
Ô¨Õ�Ü~ß?â<ÞX8-Ø¨Þ-Ó�Ò{ÓY6�ã�Ô¨Ò{ÓKÙ�Ø:×#ÙKØÒ{ÓLßåã}Þ@8-Ø~Û~ßwØ:9Ò{Ó

B Z[ æ]\«ã�Û5Þ-ÓWMgß1Q8ã^8-Ø~Û~ßÀÒL6�Ø�Ü
v, w ∈ W Z Þ-ÓWMAÝ<Þ-ßiâHä�Ûsã�Ô

v
ßåã

r
6:Þ-Ó�Ò{ÓLßwØ~ÛsÜ#ØJ6~ßÞ�Ý<Þ-ß{â�ä�Ûsã�Ô

w
ßwã

r
ã�ÓWO_MEÞTä�ßwØ~Û�Ò{ß_Ý<Þ�Ü�Ü#Ø�Ü�ß{âKÛ�ã�Õ-Ù�â�Þ`8-Ø~Û~ßwØ:9EÒ{Ó

B
æ]a~Ó�ã�ßiâLØ~Û

Q8ã�ÛT×�Ü Z G
â<Þ�Ü8ÓSã I ÛTÞ-ÓY6�âKÒ{ÓKÙbQ´âLØ~ÛsØ~Ò{ÓEß{âLØ´Ý<Þ-ß{â8ä�Ûsã�Ô

v
ßwã�ß{âLØ]OUØ:Þ�Ü~ß�6�ã�Ô¨Ô¶ã�ÓÞ-ÓY6�Ø�Ü~ßåã�Ûgãåä

v
Þ-Ó�×

w
×Kã#Ø�Ü%ÓSã�ßc6�ã�ÓLßÚÞ-Ò{ÓhÞd8-Ø~Û�ßåØ:9�ãåä

B
æ

e_âLØ~Ólß{âLØE×KØÚÙ-ÛsØ�Øãåä}Þ�×-Ò{ÛsØJ6~ßwØ:×�Ô¨Ò{ÓLÒ{Ô¨Õ|Ô�×KØÚÙ-ÛsØ�Ø¹ÜwÝ<Þ-ÓLÓLÒ{ÓKÙ�ßÀÛsØ�Ø}Û�ã#ã�ßwØ:×
Þ-ß

r
ãåä

G
Ü�Þ-ßÀÒUÜ f�Ø�Ü Z Opt ≥ d|W | / |B|e æ

á+Û�ã#ãåä�æ�ø]4�9
T ∗ I�4�*-,çBDc<9:.UCE*-e?I/6s*-,<0�@/.U,/kh6:BKB-9:4�Jç*y9 r

fiBD6¹9:@/4 
 G 
 ¿ >c/6:B-I/eU4�C�� ¿ .U,/0�4�.19+.UF8*gI/6:*-,/0�@/.1,/k/é<.p9�0�BD,b9�*-.1,/F�*¹cL*�9s@¶fi6TBDC»*-,baEo-4�6T9:4~É
9:B9s@/4H6:BKB-9��²7+a@�8BD,/J<.19s.1BD,  B-f�9s@/4HeU4�CECE*<é�*3cL*y9:@Efi6:B-C *3o-4�6T9:4~É
v ∈ W

9sB
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r

Witness set

Blocking set

h+® -�³«[�(jilk1mnk 25B#jv9:B�eUB#j84�6OI�BD;<,/J
9s@/43BDc<9:.UCE*-eSJ<4�kD6T4�4

r
0�BD,b9�*y.U,/FX*y9XeU4Á*yFT9XBD,/484�J/kD4+.U,b9sB�*HoD4�6T9:4~É¨.1,

B
�²ø]4�9

fv 6= v
I�4?9s@/4+0�e1BDF:4�FT9*-,/0�4�FT9:BD6�B-f

v
FT;/0�@�9s@L*y9

fv ∈ B
��ø]4�9

Pv

I�4g9:@/4¹cL*�9s@`fi6TBDC
v
9:B

fv

��7+a0�BD,<J/.19:.UBD,o��B-fK9s@<4?e14�C}C¶*|é�9s@/4�c/*y9s@/F {Pv : v ∈ W−{r}} *-6:4N*-e1e-.1,�9:4�6T,L*-eUepaJ/.UFP�TBD.U,b9��]>A@/4�6T4�fiBD6T4?j+4N@L*ÁoD4?.UJ/4�,�9:.1tL4�J |W | cL*y9:@/F\.U, T ∗ é�*-,/J%4Á*-0�@%B-fK9s@/4�F:4cL*y9:@/F²@L*-F²*-,¨.U,/0�BDC}.U,/k54�J/kD4+9sB�F:B-CE48o-4�6z9s4~É¹.U,
B
�X>A@/4�6T4�fiB-6:4�9s@<4A*ÁoD4�6:*-kD4J/4�k-6:4�4gB-f?*EoD4�6T9:4~É�.1,

B
.1F�*y9�eU4Á*yFT9 |W | / |B| é�.UC}c/e1aK.U,<k�9:@L*y9�9:@/4�6T4¹.UF�*y9eU4�*-FT9OBD,<43o-4�6z9s4~É�.1,

T ∗ jO@/B-F:4%J/4�kD6T4�43.UF d|W | / |B|e BD6AC}BD6:4y� �>A@/4¨.1J/4Á*¶Byf�9s@/4¨*yeUkDBD6T.19:@/Cö.UF59sB
*-c<c/e1a�eUBK0Á*yeX.1CEc/6TB#oD4�C}4�,b9�FT9s4�c/F����Ç4FT9s*-6T9%jO.19:@l*-,�*-6:I/.p9s6:*-6Ta�9:6:4�4
T
.U,

G
��ø]4�9

d
I�4�9s@<4¶0�;<6:6:4�,b9¨C¶*�É<.1C¹;/CJ/4�k-6:4�4y� >A@/4�,Âj+4�0�@/4�0�xÃfiBD6}4Á*-0�@Ä4�J<kD4½4�,b9:4�6:.1,/kÆ*l@/.1kD@|ºÅJ/4�kD6T4�4�oD4�6z9s4�ÉjO@/4�9:@/4�6*-,Â*-ep9s4�6:,L*y9:.1o-4�cL*�9s@Ã9:BÇ9s@<4`6:BKB-9E.UFEc�BDFTF:.1I/eU4yé�.Ú�õ4�B-,/4�jO.p9s@/BD;|9



�1�_�L���S�b���S���]�/��1�h�8�_ ~�/�1¡p¢]£_¤E�S¥�¦_�{£��_�K�<§¨£S��©«ª p
kDBD.1,/k9s@/6TBD;/kD@Ç*
oD4�6z9s4�ÉÇjO.p9s@�J/4�kD6:4�4

d − 1
BD63C}BD6:4y��µÅf89s@<4�6:4}.UF�FT;/0�@Æ*cL*y9:@·j+4%0�BD,/,<4�0�9

v
oK.U*g9s@/.1FHc/*y9s@
jO.19:@·6:4�CE*-.1,/.U,/k�9s6:4�4-�

ñ  ò 
 4�eU4�9:4 (v, p)
fi6TBDC

G
�

ñ �Dògø]4�9 d I�4�9s@/4AJ/4�kD6:4�4AB-f p �²ëLBD6´4Á*-0�@¨oD4�6T9:4~É u ∈ V
jO@/BDFT4H.1,|ºwJ<4�kD6T4�4.U,

T
.UF�kD6T4Á*y9:4�6²9s@/*-,

d−1
éDJ/4�e14�9:4Ofi6TBDC

G
4�J/kD4�F?k-BD.U,/k�.1,b9sB

u
9:@L*y9*-6T4%,<B-9O.U,

T
�

ñ ' ògìO;/,
786T4Á*-J<9:@|ºÅt/6:FT98F:4�*-6:0�@fi6TBDC v
é<*-,<J¶9s4�FT9�.pf_9s@<4�6TB|B-9

r
.UF?6:4�*-0�@|º*-I/e14�fi6:BDC

v
�

ñ ù�ò�µÅfN9s@/4�6:4¹.1F�,/B
cL*�9s@`fi6TBDC v
9sB

r
é�6:4~9s;/6T,Çëü*-e1F:4g*yf{9s4�6�6:4�FT9:BD6:.1,/k
*-e1e4�J<kD4�FHB-f

G
�

ñ îDòq?�9s@/4�6TjO.1F:4-é�7�ë ¿ tL,/J<F�*lc/*y9s@
P
fi6TBDC

v
9:B

r
�óø]4~9

w
I�4½9:@/4

tL6TFT9HoD4�6z9s4�É`B-,�9s@<4%c/*y9s@�jO.19s@·9s@<4�c/6TBDc�4�6T9wa
9:@L*y9
(w, x) ∈ P

*-,/J
w ∈ Cv

*-,/J
x /∈ Cv

�
ñ ôbògëLBD6%4Á*-0�@l4�J/kD4 (a, b)

.1,h9:@/4¶FT;/I/cL*�9s@ÆB-f
P
fi6:BDC

v
9sB

x
é´6T4�c/eU*-0�49s@<4%4�J/kD4�fi6:B-C

(a, p(a))
.U,

T
Iba

(a, b)
�

ñ DògìO4�FT9:BD6:4%*-e1e_4�J<kD4�FOB-f G *-,/J·6T4�9s;<6:,�>X6T;/4-�>A@/4?.UC}c/6:B#oD4�CE4�,b9Xc<6:BK0�4�J<;/6:4?.UF«*-c/c<eU.U4�J�9sB5*-eUe-o-4�6z9s.U0�4�F\jO.19:@�J/4�kD6:4�4?jO.p9s@/.1,
logc n

jO.19:@/.U,39s@/4+0�;/6T6:4�,�9²J/4�kD6T4�4+B-f
T
�X�Ä@/4�,¹,/B�.1CEc<6:B#oD4�CE4�,�9X.UF«c�BDF:FT.UI/e149s@/4%*-e1kDBD6T.19s@<C 9:4�6TCE.1,L*y9s4�F��

ñ  ògë´.1,/J`*}I/6s*y,/0�@/.U,<k T
B-f

G
6TB|By9s4�J`*y9

r
�Oø]4~9�.19:FOJ/4�kD6T4�4�I�4

k
�Oë´. ÉF:B-CE4�0�BD,/FT9s*-,b9

c > 1
�

ñ �DògëLBD6²4�*-0�@¶4�J/kD4 (v, p) ∈ T
éb6:;<,EµwC}c/6:B#o-4�C}4�,b9

(T, v, p)
.pf�9:@/4AJ/4�kD6:4�4B-f

p
.U,

T
.UF¶CEBD6T4`9s@/*-,

k − logc(n)
�ýµÅf39s@<4�J/4�kD6T4�4�B-f

T
@L*-F0�@L*-,<kD4�J_éü6T4�F:4~9

k
9:B�I�43.19:FA,/4�jvJ/4�k-6:4�4y�

ñ ' ògìO4�c�4Á*y959s@/4�*-I�B�o-4¹FT9:4�c½;<,�9:.Ue\µwC}c/6:B#oD4�CE4�,b9 (T, v, p)
6:4�9:;/6:,<F5fÀ*-e1F:4fiBD6A4~oD4�6za·4�J/k-4

(v, p) ∈ T
fiBD6�jO@/.10�@�.p9A.UFO0Á*yeUeU4�J_�

ñ ù�ògìO4�9s;<6:, T
�

>A@/4�6T;/,b9s.1CE4hB-f¹9:@/4l*-e1kDBD6T.19s@<C .UF�J/4�6T.1o-4�JvoK.¼*r9s@/4Çc�By9s4�,b9:.¼*-e�fi;/,/0~9s.1BD,CE4~9s@/BKJ_�d>A@/4½c�B-9s4�,b9s.¼*yeHByf3*ÇoD4�6T9:4~ÉèByf�J/4�k-6:4�4
d
.UF}J/4�tL,<4�Jè9sBÇI�4

nd
�¿ ;/C}CE.1,/k�B#oD4�6*-e1e�oD4�6z9s.10�4�F}j84�BDI<9s*-.U,rfiBD6¨9s@/4·9sBy9�*-eAc�B-9s4�,b9s.¼*yeO*y9¶C}BDFz9

nnk = nk+1 jO@/4�6T4 k
.1F¹9s@/4·0�;/6:6T4�,b9}J/4�kD6T4�4y�rÊ54~ÉK9�j+4�B-I/F:4�6ToD4·9s@<4�4~f¼ºfi4�0~95Byf²*-,�.UC}c/6TB�o-4�C}4�,b9HFT9:4�c`B-,·9:@/4%c�B-9:4�,b9s.U*-eÚ��>A@<4%o-4�6T9:4~É·9:B}jO@/.10�@�j+4*-c/c/epa`9:@/4E.1CEc<6:B#oD4�CE4�,�9%@L*yF%J<4�kD6T4�4E*y9%eU4Á*yFT9

d ≥ k − logc n
� 	 f{9s4�6�9:@/4.UC}c/6:B#o-4�C}4�,b9´.p9²@L*yF´J/4�kD6:4�4

d−1
*-,/J¹9:@/48J<4�kD6T4�4�B-f�*yeUe�B-9s@<4�6Xo-4�6z9s.U0�4�F�CE*Áa.U,/0�6:4�*-F:4�9:B

d− 1
��>A@/4�6:4~fiBD6:4�9:@/4�6:4�J/;/0�9:.UBD,
.1,c�B-9s4�,�9:.¼*-e�.UF�*y9AeU4�*-FT9

nd−2 �¿ .U,<0�4
k > k − logc n

9:@/4�,/4�jqc�B-9:4�,b9s.U*-eS.1FO*�fi6:*-0�9:.UBD,
Byf
n− logc n−3 ByfX9:@/4BDeUJ`c�B-9:4�,b9s.U*-eÚ� 	 f{9s4�63*�9�CEB-FT9

nlog
c
n+3 FT9:4�c/F�9s@<4¨c�B-9:4�,b9s.U*-e´.1F�BD,/4¹jO@<.U0�@.UC}c/eU.14�FH9s4�6TCE.1,L*y9:.UBD,�B-f?9s@<4¶*-e1kDBD6T.19s@<C��gM?*y0�@�FT9:4�cÇ0Á*-,ÇI�4�.UC}c/e14�C}4�,b9s4�J.U,9:.UC}4

O(n3)
�Ê54�ÉK9²9s@/4~a%F:@/B#jç@/B#jÆ9sBHtL,/J¨*OjO.19s,<4�F:F²*5F:4~9

W
*-,<J¨*5FT;/.19s*-I/eU4?I/e1B|0�x�.U,<kF:4~9

B
�
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�?ÌKÍlÍÇÎs3_Ð>3_ÐtCwí - ðFE�G«Ø~ß

T I Ø¹Þ I ÛTÞ-ÓY6�âKÒ{ÓKÙdQ´âLã#Ü#Ø¹×KØÚÙ-Û�Ø�Ø
d
ã�Û%Ô¶ã�ÛsØ�æVG\Ø~ß

Sd I Ø�ß{âLØ3Ü#Ø~ß5ãåä�8-Ø~Û~ßÀÒL6�Ø�Ü^Q´âLã#Ü#Ø¹×KØÚÙ-Û�Ø�Ø�ÒUÜ
d
ã�ÛgÔ¶ã�ÛsØ�æ�e_âLØ~ÛsØ¹Þ-ÛsØ¨Þ-ßuOUØ:Þ�Ü~ß

(d − 1) |Sd| + 1
ÕKÓLÛsØ�OpÞ-ßåØ:×@8-Ø~Û�ßÀÒL6�Ø�Ü�Ü~Õ.6�â�ß{â<Þ-ß8ß{âLØAÝ<Þ-ÛsØ~ÓLßOãåä¹Ø:Þ76�â`ãåä3ßiâLØ�Ü#Ø

8-Ø~Û�ß ÒL6�Ø�Ü3ÒUÜ%Ò{Ó
Sd

æ
á+Û�ã#ãåä�æ²>A@/4·c/6TB|Byf5.1F¹IbaÆ.U,<J/;/0�9:.UBD,ÆB-,r9:@/4
0Á*y6:J/.1,L*-eU.p9wahB-f

Sd

��µÅf |Sd| =
1
é´9:@/4�,Æ9:@/4F:.1,/kDe14}o-4�6T9:4~Ér.1,�9s@/*y9¹FT4�9�@L*-F¹*y9¹e14Á*-Fz9

d
0�@/.Ue1J/6:4�,_é�*-,/Jl9:@/40�@/.Ue1J/6:4�,�B-f+9:@/.UF�o-4�6z9s4~ÉÇF:*y9s.1FTf{a½9:@/4�eU4�C}CE*<�gµÅf |Sd| > 1
é]6:4�CEB#o-4¶*
,/BKJ/4

v ∈ Sd

*-,/J�*-e1e_.19:F5J<4�F:0�4�,/J/*-,b9sF�fi6:B-C
T
F:;/0�@�9s@L*y9

v
@L*yF5,/BEJ/4�FT0�4�,/J/4�,b9:F.U,

Sd ñ 4�É<0�4�c<9�.19:F:4�e1fsò~�¹ÊHB#jÈ9:@/4�6:4�FT;/e19:.U,/k
I<6s*-,/0�@<.U,/k·@L*-F |Sd| − 1
,/B|J<4�FB-f%J/4�k-6:4�4

d
BD6C}BD6T4-é5*-,/JÄIbaÂ9s@/4�.1,/J/;/0~9s.1BD,è@ba|c�B-9:@/4�FT.UF�é5@L*-F·*y9·e14Á*-Fz9

(d − 1)(|Sd| − 1) + 1
;/,/6:4�e¼*y9:4�J·,/BKJ/4�FA9:@L*y9H*-6T4�0�@/.Ue1J/6:4�,�Byf

Sd

� ¿ .U,/0�43*-eUe9s@/4�F:4
,/BKJ/4�F�*-6:4
;/,<6:4�eU*y9s4�Jl9sB�4�*-0�@nBy9s@/4�6�éN*y9�C}BDFT9gBD,/4
B-fO9:@/4�FT4�,<B|J/4�F.UF¨*y,n*y,/0�4�FT9sB-6}Byf
v
��>A@<4�6:4~fiBD6:4
9:@/4�6T4�*y6:4

(d − 1)(|Sd| − 1)
,/B|J<4�F¨eU4~f{99s@L*�9�*-6T4g,/By9�*-,/0�4�Fz9sBD6TF�B-f

v
��ÊHB#j j84¨*yJ/J`9s@<4¹0�@/.Ue1J/6:4�,`Byf

v
9sB¶9:@/.UF5F:4�9�é9s@/4%F:4~9�.1,/0�6T4Á*-FT4�FHIba`*�95e14Á*-Fz9

d
*-,/J�9s@/43,�;/C¹I�4�6HB-f´,/B|J<4�F59:@L*y9Oj+4�kD4~9�.1F

(d − 1)(|Sd| − 1) + d = (d − 1) |Sd| + 1 �

Ê54�ÉK9�j84gF:@/B#jQ@/B#j 9sB.1,b9s4�6T6:4�e¼*y9:4%9:@/4gI/6:*-,/0�@/.1,/kBD;|9sc/;<9�Iba�9:@/4¨*-e1kDByº6:.p9s@/C»jO.19s@�*¹jO.19:,/4�FTFH*-,/J�I/eUBK0�x�.U,/k¨FT4�9Á�
�?ÌKÍlÍÇÎD3_ÐFv\ÐwCwí D ðFE�G\Ø~ß

T I Ø8ßiâLØ I Û:Þ-ÓY6�âKÒ{ÓKÙ�ã�ÕKß Ý�ÕKß I Mgã�Õ|ÛAÞXOõÙKã�Û~Ò{ß{âKÔ}æxG\Ø~ßÒ{ßiÜg×KØÚÙ-ÛsØ�Ø I Ø k æde_âLØ~ÓgäÁã�Û�Þ-ÓWM
k − logc n < d ≤ k

æ
Opt ≥ (d−1)|Sd|+1

|Sd−1|á+Û�ã#ãåä�æ�ø]4�9
W
I�4g9:@/4¨F:4~9�B-fNoD4�6T9s.10�4�F3*-F�.U,`eU4�C}CE* ' � ' 9s@/*y93*-6T4¹0�@/.Ue1J/6:4�,B-f?,/BKJ/4�F�.1,

Sd

é]I<;<9�@L*ÁoD4},/B
J/4�F:0�4�,/J/4�,b9sFg.1,
Sd

���Ç4¨xK,<B�jÈ9s@L*�9 |W | ≥
(d − 1) |Sd| + 1

�Hø]4�9
B
I�4

Sd−1

é�9:@/4gFT4�9�ByfN*-eUe]o-4�6T9:.U0�4�F�jO@/B-F:4gJ<4�kD6T4�4¹.1F*y9�e14Á*-Fz9
d − 1
�gëLBD6�4Á*-0�@�oD4�6T9:4~É

v ∈ W
é_9s@<4�*-eUkDB-6:.19:@/Cö9s6T.U4�F�9sBtL,<JÇ*y,.UC}c/6:B#o-4�C}4�,b9+9:@L*y9+J/4�0�6:4�*-F:4�F�9s@/45J/4�kD6T4�45B-f

p = p(v)
� ¿ .U,/0�4�.p9?fÀ*y.UeU4�J ñ 9s@/40�BD,<J/.19:.UBD,E;/,/J/4�68jO@/.U0�@9:@/4�*-e1kDBD6T.19s@<CóFT9:BDc/F�ò�é/*-,ba¶cL*y9s@Efi6:BDC

v
9sB

r
9s@/*y9J/BK4�F:,Yyõ9?;/FT4

(v, p)
C¹;<FT9?kDB�9s@/6TBD;/kD@}*�oD4�6T9:4~É

x
.1,

Sd−1

��7?a¨0�BD,<FT9s6T;/0�9:.UBD,Sé9s@/4O.1,�9:4�6T,L*-e/oD4�6T9:.U0�4�F+ByfS9s@<4Hc/*y9s@�fi6:BDC
v
9sB

x
.1FN4�,b9s.16:4�epa¹0�BD,b9�*-.1,/4�J}.U,

Cv

é9s@/4OJ/4�F:0�4�,/J/4�,b9sFAB-f
v
.U,

T
� ¿ .1,/0�4H*-e1e<oD4�6T9:.U0�4�F8B-f

W
*-6T4O;/,/6:4�e¼*y9:4�J}9sB34Á*-0�@B-9s@<4�6�éK9s@/4�F:4�FT;/I<9s6T4�4�FO*-6:4�J<.UF �TB-.U,b9Á�X>A@/4�6T4�fiBD6T4-é<9:@/4�F:4~9

W
*-,/J

B
9:@L*y9+j84@L*ÁoD4J<4�tL,/4�JÆFs*y9:.UFzf{ah9:@/4¶0�BD,/J/.p9s.1BD,/F%kD.1o-4�,l.1,Ç9s@<4¶FT9s*y9s4�CE4�,b9¹B-fHø]4�C}CE*

' ���
��>A@<4�6:4~fiBD6:4
Opt ≥ d|W | / |B|e ≥ (d−1)|Sd|+1

|Sd−1|

�
�

�{z\Ì�"#|�ÌKÍ 3_Ð>}_Ð`Cwí D ðAE.e_âLØ¶×KØÚÙ-ÛsØ�Ø
ãåä�ß{âLØ I Û:Þ-ÓY6�âKÒ{ÓKÙ�Û�Ø~ßÀÕKÛ~ÓSØ:× I M�ã�Õ|Û¶ÞXO ÖÙKã�Û�Ò{ßiâKÔ ÒUÜEÞ-ß5Ô¶ã#Ü~ß
cOpt + logc n Z Q´âLØ~ÛsØ

c > 1
ÒUÜ�ß{âLØD6�ã�Ó<Ü~ßÚÞ-ÓLßHÒ{ÓhÜ~ßåØwÝ

T æ
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F:4�9%B-f?e1B�j+4�6�I�BD;/,<J/F3BD,

Opt
fiBD6

logc nJ/.1¸�4�6T4�,b9\oy*-eU;/4�FXByf
d
� 	 9´e14Á*-Fz9«fiB-6«B-,/4+Byf<9s@<4�F:4?oy*-eU;/4�FXByf

d
é |Sd−1| ≤ c |Sd|

�
�5FT.U,/k¨9s@<.UF�oy*-eU;<4�B-f

d
é|j84%kD4�9

k ≤ cOpt + logc n
�

�>A@/.1FH0�BD,/0�eU;/J/4�FA9s@/43c/6TB|B-fXB-f«9s@/4%*-c<c/6:BÁÉ|.UCE*y9s.1BD,6:*y9s.1B/�
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>A@/4?J/.U6T4�0~9s4�J�CE.1,/.UCg;/CuJ<4�kD6T4�4?FT9s4�.U,/4�6]9s6:4�4+c<6:BDI/e14�Cq.1F«*HkD4�,/4�6:*-eU.1�Á*y9:.UBD,B-f�9:@/4�J/.U6T4�0�9:4�JÂC}.U,<.UC¹;/C J/4�kD6:4�4`F:c/*-,/,/.1,/kh9:6:4�4`c/6TBDI/eU4�C�� 	 J<.U6:4�0�9:4�JCE.1,/.UCg;/C�J/4�kD6:4�4FT9:4�.U,<4�6�9:6:4�4 ñ�
 G ¿ >Hòg.U,/Fz9�*-,<0�4¶0�BD,/FT.UFT9:F¹B-fH*`J<.U6:4�0�9:4�JkD6s*yc/@

G = (V, E)
*-,<Jr*`F:4~9

T ⊂ V
�

T
*-6:4}9s@/4E9s4�6TCE.1,L*-e1F����Ç4@L*Áo-49sBÇ0�BDC}c/;<9:4½*Ç9:6:4�4

T
FT;/0�@Â9s@/*y94�*-0�@Â9s4�6:C}.U,L*-eO.1FE0�BD,b9�*-.1,/4�Jè.1,

T
�

TF:@/B-;/eUJ�@L*Áo-4}C}.U,<.UC¹;/C CE*�É|.UC¹;<C&.1,|ºwJ<4�kD6T4�4-��µÅf
T = V

9:@/4�,�j+4¨BDI<9�*y.U,9s@/43J/.16:4�0�9s4�J·CE.1,/.UC¹;<CêJ/4�kD6:4�43F:cL*-,<,/.U,/k¨9:6:4�43c/6TBDI/e14�C��
�8;/6T6:4�,b9:e1aDé�,/BA,/B-,|ºÅ9:6:.1oK.U*-e-*yc/c/6:BÁÉ|.UCE*y9:.UBD,�*-eUkDB-6:.19:@/CèfiBD6 
 G ¿ >�.1F_x�,/B#jO,_�>A@/4�F:4�*-6:0�@%fiBD6]*-,%*-c<c/6:BÁÉ|.UCE*y9s.1BD,�*yeUkDBD6T.19:@/CÄ.UF]C}B-9s.po-*�9s4�J�I�a�9s@/4²fÀ*-0~9]9s@L*�99s@/4�6:4A.1F��  *-c/c/6TB#É|.1C¶*y9:.UBD,g*-eUk-BD6:.p9s@/CqfiBD6X9s@/4A;/,<J/.U6T4�0�9:4�J¨oy*-6:.U*-,b9Á� 	 ,L*y9zº;/6s*yeüj8*Áa�9sBgFz9�*-6z9+9:@/4�.1,boD4�Fz9s.1kb*y9s.1BD,�B-f 
 G ¿ >Ä.UF�9sB�0�BD,/FT.UJ/4�6?9:@/4�J<.U6:4�0�9:4�JCE.1,/.UCg;/C¾J/4�kD6:4�4FT9:4�.1,/4�6g9:6:4�4*-e1kDBD6:.p9s@/C��
µw,b9s4�6:4�Fz9s.1,/kDe1a-é´9s@<.UF¹*yeUkDBD6T.19:@/CjO@/.Ue14H*-0�@/.U4~oK.U,/kg*gkDBKB|J}6s*y9:.UB3fiBD6N9s@/45F:cL*-,<,/.U,/k%9s6T4�4�c<6:BDI/e14�C 9sBy9�*-e1e1agfÀ*y.UeUFfiBD6O9s@/4 
 G ¿ >�c/6TBDI/eU4�C��Aµw,�9s@/4¹,<4~ÉK9�FT;/I/F:4�0�9:.UBD,½j+4gFTx-4�9:0�@h*-,½4~É<*-C}c/e14.U,�í D ðLfiBD6²jO@<.U0�@�9s@/4H*-e1kDBD6:.p9s@/C�fi6:B-CÈ9s@<4Hc<6:4�oK.1BD;/FNF:4�0�9s.1BD,�tL,/J/F+*�FT9s4�.U,/4�69s6T4�4OjO.19s@EJ/4�k-6:4�4

n/2
jO@/.1eU4A9s@/45CE.1,/.UCg;/CýJ/4�kD6:4�4�Fz9s4�.1,/4�6N9s6T4�45@L*-F?J/4�kD6T4�4

2
�
ù/�  ���¹ÎW� Ì��]ÎLÍ��,�ÀÌüÐ�>A@<4E4�É/*yCEc/e14¨kD6s*yc/@

H
@/*-F

k
9:4�6TCE.1,L*-eUF

c1, ..., ck

�ëLBD6�4Á*y0�@
ci

9s@/4�6:43.UFO*y,�4�J/kD4
(ci, p)

*-,/J�*-,·4�J/kD4
(ci, si)

�
s1

.1FA0�BD,/,<4�0�9:4�J
jO.19:@

p
*-,/J

si, i > 1
.UF
0�B-,/,/4�0~9s4�JdjO.p9s@

si−1
�ý>A@/4�tLk-;/6:4�F:@<B�jOF
9:@/44~É<*-C}c/eU43fiBD6

k = 3
� ¿ BDeU.1J�4�J/kD4�F�J/4�,/By9s4g4�J/kD4�F�.U,�9s@/4�0�;/6T6:4�,b9�9:6:4�4�jO@/.1eU4JL*-FT@/4�J�4�J/k-4�F5*-6:4�,/By95.1,
9s@/4�9s6T4�4y=

p

c3c2c1

s 1 s 2 s 3

�Ç4
*-F:FT;/C}4¶9s@/4¶0�;/6T6:4�,b9¨Fz9s4�.U,/4�6g9s6T4�40�BD,/,/4�0�9sF¨4~oD4�6Ta
ci

jO.p9s@
p
�½>A@/4J/4�k-6:4�4¨.1F�9s@/4�,

k
�¹>A@/4¨.1CEc�BD6z9�*-,b9�c�BD.1,�9�.UF�9:@L*y9�9s@<4¨J/4�kD6T4�4�B-f

p
0Á*-,<,/B-9I�45J/4�0�6:4�*-F:4�J�oK.¼*%.UC}c/6:B#o-4�C}4�,b9sF���>A@/4�BDc<9:.UCE*-eLF:BDe1;<9s.1BD,¶0�BD,/,/4�0�9:FA4Á*-0�@

cijO.19:@·9:@/430�BD6T6:4�F:c�BD,/J/.1,/k
si

é/9s@/436T4�F:;<e19s.1,/k¨CE*�É|.UC¹;/C»J/4�kD6:4�4�.1F
2
�

ù/���|���1".�,�����]z\Î�|0���«Ì7���w�L"#|o��� |�Ì7�X�#Ì7��Ís�1��� Íj�«Í��«Ì��.|�ÌKÌ����#Ì7���\Ì�|b��|�ÌKÌüÐ
	 F�*¶FT9s*-6T9Hj84gF:@/B#jÈ*¶F:.1CEc<eU436:4�J/;/0�9:.UBD,�fi6:BDC C}.U,/.1C¹;/CöJ<BDCE.1,L*y9:.U,/k�F:4~99sB�J/.16:4�0�9s4�JÆCE.1,/.UCg;/C J/4�k-6:4�4·Fz9s4�.1,/4�6�9s6:4�4-�Ç>A@/4j84�eUe�x�,/B#jO,çCE.1,/.UCg;/CJ/BDC}.U,L*�9s.U,<kgF:4~9�c<6:BDI/e14�Cê.UFAJ/4~tL,/4�J`*-FAfiBDeUe1B#jOF�=
"
Ì������ �!� "#��v\ÐÀÏLÐ+µw,/Fz9�*-,<0�4-=��5,<J/.U6T4�0�9:4�J½k-6s*-c/@

G = (V, E)
�
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¿ BDe1;<9s.1BD,_= 	 J/BDC}.U,L*�9s.U,<k¨F:4�9HfiBD6

S
éL.Ú�õ4%*}FT;/I/F:4~9

V ′ ⊆ V
FT;/0�@`fiBD6O4~oD4�6zaoD4�6T9s4�É

u ∈ V
4�.19s@<4�6

v ∈ V ′ BD6H*�,<4�.Uk-@KI�BD6AB-f u .1FA0�BD,b9s*-.U,/4�J�.1, V ′ �G�4�*-F:;/6T4-=���*-6:J<.U,L*-e1.19wa¶B-f
V ′ �

Ê54�ÉK98j+4�F:@<B�jÄ@<B�jè9:B%9:6s*-,<FTfiBD6TC *�C}.U,/.1C¹;/CQJ/BDC}.U,L*y9:.U,/k�FT4�98.U,/Fz9�*-,/0�4
G = (V, E)

9sB¶*}C}.U,<.UC¹;/CêJ/4�k-6:4�4�FT9:4�.U,<4�6O9s6:4�4
(H, r, T )

.U,<FT9�*y,/0�4y�AMN*-0�@oD4�6T9s4�É
v
.U,

S
.UF�9s6:*-,/FzfiBD6:C}4�J�9sB�*9s4�6:C}.U,L*-e

Ts

.U,
G
�}MN*-0�@Ço-4�6T9:4~É

v
.1F

9s6:*-,/FTfiB-6:C}4�JÆ9sBh*�,/BD,r9s4�6:C}.U,L*-e
v
.1,

G
�çëLBD6¨4Á*y0�@n,/B-,ç9:4�6:C}.U,/*-e

v
j84.U,/FT4�6z9�*I/.1,L*-6Ta·9:6:4�4

Bv

ByfN@/4�.1kD@b9
log(n) ñ F:4�4�ë´.Uk-;/6:4�I�4�eUB#j éS9s@<4¹I�BÁÉ|4�FJ/4�,<B-9s4¹9:@/4�I/.U,L*y6Ta`9:6:4�4�F�ò��¨>A@�;/F

Bv

0�B-,�9s*-.U,<F
n
oD4�6z9s.10�4�F3jO@/4�6:4

n
.UF�9:@/4,�;/C¹I�4�6HB-f´o-4�6T9:.U0�4�F�.1,

G
�Aø]4~9

Bv,u

I�4%9:@/43oD4�6z9s4�É`Byf
Bv

*-FTF:BK0�.U*y9s4�J�jO.19:@
u ∈ V

�MN*-0�@
Ts

@L*yFg*·J/.U6T4�0~9s4�JÇ4�J/k-4
(Ts, Bv,s)

9:B`*yeUe²,/B-,Ç9s4�6:C}.U,L*yeUF
ujO.19:@

s = B
BD6

B
.1F�*¶,/4�.UkD@�I�BD6�Byf

s
�3ëX.U,L*-e1e1a-é�*yeUe\,/BD,½9:4�6:C}.U,/*-eUFH@L*ÁoD4�*J/.U6T4�0~9s4�J·4�J/kD439sB¨9s@/436TB|B-9

r
�Ê54�ÉK9�j+4¹0Á*-e10�;/eU*y9s4�9:@/4gkb*yc`B-f²9:@/.UFH6:4�J/;/0~9s.UB-,_�ïø]4~9

OptD
I�4%9:@/4gFT.U��4�B-f9s@/4�C}.U,<.UC¹;/C J<BDCE.1,L*y9:.U,/k%F:4~9�*y,/J

Opt
9:@/4�J/4�kD6:4�4%Byf«9:@/4�0�B-6:6:4�F:c�BD,/J/.1,/k

J/.U6T4�0~9s4�J·C}.U,/.1C¹;/C»FT9:4�.U,<4�6�9s6T4�43.U,<FT9�*y,/0�4y=
r

�?ÌKÍlÍÇÎ�v\Ð>$_Ð
OptD ≤ a

Ò{Ô�Ý#O ÒÚØ�Ü
Opt ≤ aá+Û�ã#ãåä�æNm�.1o-4�,39s@/4NC}.U,/.1C¹;/CdJ/BDC}.U,L*y9:.U,/k8F:4�9«j+4+0�BD,/,/4�0�9´*-eUeD,<BD,%9:4�6TCE.1,L*-eUFjO.19:@

r
jO@/.10�@�*y6:4�0�B-,�9s*-.U,<4�J·.U,9:@/4�CE.1,/.UCg;/C J/BDC}.U,L*�9s.U,<kgF:4~9Á� ¿ .1,/0�4�9:@/4CE.1,/.UCg;/C FT4�90�B#oD4�6¶.UF*hJ/BDC}.U,L*�9s.U,<khFT4�9�éO*-eUeAoD4�6T9:4~Én9s4�6TCE.1,L*-e1F}0�*-,ÂI�40�BD,<,/4�0~9s4�J�9sB*},/BD,`9:4�6TCE.1,L*-e]6:4�F:c�4�0~9s.1o-4�epa�jO.p9s@�9s@/4�0�BD6T6:4�FTc�B-,/J/.U,<kE9s6T4�4y�>A@/4�J/4�k-6:4�4�B-f8*-e1eXoD4�6T9:.U0�4�F�4�É|0�4�c|9�9:@/4�6:BKB-9�.UF3*�93CEBDFz9 ' �¹>A@/4}6:BKB-9�@/*-FJ/4�k-6:4�4
a
jO@/.U0�@`.UFH4S��;/.1oy*-e14�,b9H9sBE9:@/4g,�;/CgI�4�6�B-f�,<B|J/4�F�0�B-,/,/4�0~9s4�J½9sBE9:@/46:BKB-9Á�

��?ÌKÍlÍÇÎ�v\Ð>3_Ð
OptD ≥ ln(n)a

Ò{Ô�Ý#O ÒÚØ�Ü
Opt ≥ ln(n)aá+Û�ã#ãåä�æ´�Ç4�F:@/B#j @<B�ju9sB�4~ÉK9:6s*-0~9�*¨C}.U,/.1C¹;/C J/BDC}.U,/*y9s.1,/k¹F:4~9HB-f«F:.U��43eU4�FTF9s@L*y,

ln(n)a
kD.1o-4�,`9:@L*y959s@/4�J/4�kD6T4�4¹Byf²9s@/4�0�BD6T6:4�F:c�BD,/J/.1,/kJ/.16:4�0~9s4�J½CE.1,/.pºC¹;/CêFT9s4�.U,/4�6A9s6:4�43.U,/Fz9�*-,/0�43.UFAeU4�F:F�9:@L*-,

ln(n)a
�+ø]4~9

V ′ I�4�9s@/4�0�BDeUe14�0~9s.UB-,B-f�,/B-,`9s4�6:C}.U,L*-e1FO0�BD,/,<4�0�9:4�J½jO.p9s@
r
�O��4�0�e¼*y.UCö9s@/*y9

C ′ .1F�*}J/BDC}.U,L*y9:.U,/kF:4~9Á�A>A@/.1FHfiBDe1eUB#jOFAfi6:BDCê9s@/4�BDI/F:4�6Toy*y9:.UBD,·9s@L*�9�4�*-0�@`9s4�6:C}.U,L*ye_4�e14�C}4�,b9�@/*-F*EJ/.16:4�0�9s4�J½cL*y9:@`9sBE9s@/4�6:BKB-9�By9s@/4�6TjO.UFT4g.p95j+BD;/e1J½,/B-95I�4g*Eoy*-eU.1J�J<.U6:4�0�9:4�J
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FT9:4�.U,<4�6�9s6T4�4-� ¿ .1,/0�4}*
9s4�6TCE.1,L*-e1F

Tu

0Á*-,h6:4�*-0�@Ç9:@/4�9s@/4�6:BKB-93BD,<e1a½Iba�4�,|º9s4�6:.U,<k·*¶9s6:4�4
Bv

jO.p9s@
v = u

BD6
v ∈ N(u) ñ 9:@/4¨F:4~93B-f?,/.UkD@�I�BD6:F�Byf u ò�é_.19fiBDeUe1B#jOF�9s@L*�9

V ′ .UF3*
o-*yeU.UJ�J<BDCE.1,L*y9:.U,/kFT4�93jO@/.10�@Ç.1CEc/e1.U4�F Opt ≥ ln(n)aF:.1,/0�4OB-9:@/4�6zjO.UF:4O9s@<45C}.U,/.1C¹;/C�J/BDC}.U,/*y9s.1,/k�F:4~9+j+BD;/e1JE@L*Áo-450�*-6:J/.1,L*-e1.19wa¨*�9CEB-FT9
ln(n)a

�
�

�8BDC¹I<.U,/.1,/k�9s@<4½9wj8BreU4�CECE*-F�j84�BDI|9�*-.1,è*lkb*-cèB-f
(1 − ε) ln(n)

*-,/J,/B-9:4�.U,<k½9s@L*y9¹CE.1,/.UC¹;<C J<BDCE.1,L*y9:.U,/k�F:4�9�@/*-F¹9s@/4·F:*-CE4¶@L*-6:J<,/4�FTFEB-f5*-cKº
c/6:BÁÉ|.UCE*y9:.U,/k�*yF+C}.U,/.1C¹;/CQF:4~9+0�B#oD4�6 ñ í ' ð{ò´9s@<.UFNF:@/B#jOF+*%kD*-cEByf (1− ε) ln(n)*-,/J·c/6TB�o-4�FO9s@/4�fiBDe1eUB#jO.U,<kg9s@/4�BD6:4�C
�{z\Ì�"#|�ÌKÍ�v\ÐFv\Ð´Ñ½Ò{ÓLÒ{Ô¨ÕKÔ�×KØÚÙ-ÛsØ�Ø²Ü~ßwØ~Ò{ÓSØ~Ûc6:Þ-ÓLÓSã�ß I Ø8Þ~ÝbÝbÝ�Ûsã�9DÒ{Ô}Þ-ßwØ:× I Ø~ßÀßåØ~Ûßiâ<Þ-Ó

(1 − ε) ln(n)
ÕKÓWOUØ�Ü�Ü3Ò{ß�âLã0Op×�Ü

NP ∈ DTIME(nlog(log(n)))
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r
Þ-Ó�×�OUØ~ß

S I Ø�Þ
Ü#Ø~ß�ãåä6~Ò{Û©6�OUØ�Ü¨ãåä�ÛTÞb×-Ò{ÕbÜ
r
Ü~ÕW6�â`ß{â<Þ-ßHØ�8-Ø~ÛNM´6~Ò{ÛJ6�OUØ�Ò{Ó

S
Ò{ÓLßåØ~ÛsÜ#ØJ6~ß{Ü

C
Þ-Ó�×ÓSã}ß�Q8ã

6~Ò{Û©6�OUØ�Ü3Ò{Ó
S
Ò{ÓLßåØ~ÛsÜ#ØJ6~ßAØ:Þ76�â½ã�ß{âLØ~Û�æ�e_âLØ~Ó Z |S| ≤ 5

æ
á+Û�ã#ãåä�æ ¿ ;<c/c�B-F:4 |S| ≥ 6

�Eø]4�9
si, 1 ≤ i ≤ 6,

J/4�,/By9s4�9s@/4�0�4�,b9s4�6TFgB-f�*-,baF:. É�0�.16:0�eU4�F�.1,
S
��ø]4~9

c
J/4�,<B-9s4¨9s@<4}0�4�,b9s4�6�Byf

C
� 
 4�,<B-9s4�9s@/4�6:*#a csi

Iba
ri ñ 1 ≤ i ≤ 6

ò~� ¿ .1,/0�4�9s@<4�6:4�*-6T4�F:.pÉ
6s*Áa
4�CE*-,L*�9s.U,<k¹fi6:BDC
c
é<9:@/4�6T4�Cg;/FT95*y9eU4�*-FT98BD,/4�cL*-.168B-f\6:*Áa|F

rj

*-,/J
rk

F:;<0�@�9:@L*y9�9:@/4�*-,/k-eU4�I�4�9wj+4�4�,�9:@/4�Cê.UFA*�9CEB-FT9
60
J/4�kD6T4�4�F��HÊ5B#j3é�.19H0Á*-,`I�43oD4�6:.1t/4�J`9:@L*y9H9s@/4%J/.UFz9�*-,<0�4gI�4�9wj+4�4�,

sj*-,/J
sk

.1F�*y9�C}BDFz9
2r
éSjO@/.10�@�.UC}c/eU.14�FO9s@L*y9�0�.U6T0�e14�F�0�4�,b9s4�6:4�JÇ*y9

sj

*-,/J
sk.U,b9s4�6:FT4�0�9�éL0�BD,b9:6s*-J/.10�9:.U,/k¨BD;<65*yF:F:;<CEc<9:.UBD,S�²>A@�;/F |S| ≤ 5

�
�
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Ê54�ÉK95j+4gc/6T4�FT4�,b959:@/4�*-eUkDB-6:.19:@/C»0Á*-e1eU4�J·,/4�*-6:4�FT950�BDC}c�BD,/4�,b950�BD,<,/4�0~9sBD6��

	 FO9s@/4%,L*-C}4%Fs*ÁaKF�.19H.1F�*-,�.19:4�6s*�9s.1o-4%*-eUkDB-6:.19:@/C»0�BD,/,<4�0�9:.U,/k¶.U,�4�oD4�6Ta�FT9:4�c
9s@/4h,/4�*-6:4�FT9½0�BDC}c�BD,<4�,b9sF��öµw,/.19:.¼*-e1e1a-é54~oD4�6zavc�BD.1,�9·fiBD6TCEF�*r0�BDC}c�BD,/4�,b9��MN*-0�@r0�BDC}c�B-,/4�,b9¨.1F¨*hG�µ ¿ >�é². �ÿ44~oD4�6TaÆ0�BDCEc�BD,/4�,b9�@L*-F�*½F:c�4�0�.¼*-e+,/BKJ/49sBgjO@<.U0�@
4�o-4�6zaB-9:@/4�6�c�BD.1,�9+.U,E9s@/4�F:*-C}4�0�B-CEc�BD,/4�,�98@L*-FA*¹J<.U6:4�0�9:4�JcL*�9s@9sB/�è>A@<.UF}c�BD.1,b9¶.1FE0�*-eUe14�JçeUBK0Á*-eAFT.U,/xü�Äµw,Ã4~oD4�6zaÂ6TBD;/,/Jn4�oD4�6TaneUBK0Á*-eAFT.U,/x0�BD,<,/4�0~9sFE9:BÇ9:@/4�,<4Á*-6T4�FT9¶c�B-.U,b9},/B-9E.U,n9:@/4�Fs*-C}4�0�BDC}c�BD,<4�,b9Á�Ä784�0Á*-;<F:4
B-f?I�B-;/,/J/4�J�9:6s*-,<F:C}.UF:FT.UBD,`6s*-,/k-4¹B-f+*eUBK0Á*-eXF:.1,/x�.p9�CE*#a�@L*-c<c�4�,�9:@L*y9�j+40�@/BKBDF:4·*½,/4~jöe1B|0�*-e+FT.U,/xÇ.U,�9:@/4
0�B-CEc�BD,/4�,�9}*y,/Jr0�BD,/,<4�0�9¨9:@/4
BDe1JÆeUBK0Á*-eF:.1,/xE9:B}9:@/4�,/4�jqBD,/4-�N>A@/43e1.UFT9:.U,/kgI�4�eUB#jOFOF:@/B#jq9:@/430�BDC}c/eU4~9s4�*yeUkDBD6T.19:@/C�=
ñ  ò G := (V, E := ∅)ñ �Dò lsinks := Vñ ' ò%jO@/.1eU4 |lsinks| ≥ 1

J/B
ñ ù�ò%fiBD6O*-e1e s ∈ lsinks

J/B
ñ îDò E ′ := ∅ñ ôbò C :=

0�BDC}c�B-,/4�,b9O0�B-,�9s*-.U,<.U,/k
sñ Dò�.1f s 0�*-,/,/By956T4Á*-0�@�*-,ba
,/BKJ/43BD;<9:F:.1J/4 C 9s@<4�,

ñ �bò s′ :=
,/4�*-6:4�FT93,/BKJ/4g9:B

s ñ @/B-c½CE4~9s6T.U0#òO0Á*-c/*-I/eU4�B-fN6:4�*-0�@/.1,/k·*¶,/BKJ/4BD;<9:F:.1J/4
Cñ þbò movesink(G, s, s′)ñ �� ò s := s′ñ - ò�4�,<J�.pf

ñ  �Dò E ′ := E ∪ {e} é_jO@/4�6T4 e
.UF�9:@/4�*-6:0¹fi6TBDC

s
9sB·.p9sF�,/4�*-6:4�FT9%,/4�.UkD@|ºI�BD6 ñ MN;<0�eU.1J/4Á*y,�J<.UFT9s*-,/0�4#ò8BD;<9:F:.1J/4 Cñ �' ò�4�,<J�fiBD6

ñ  ù�ò�.1f G′ := (V, E ∪ E ′)
0�BD,b9�*-.1,/FA0�aK0�eU4�9s@/4�,

ñ  îDò�6:4�CEB#o-4%B-,/43B-fX9:@/4%*-6:0�FO.U,·4Á*-0�@�0�aK0�eU43fi6:BDC E ′

ñ  ôbò�4�,<J�.pfñ  Dò G := G′

ñ  �bò lsinks :=
FT.U,/x�FO.U,

G
ñ  þbò�4�,<J�jO@/.1eU4ñ � � ò

s :=
BD,/epa6:4�C¶*y.U,/.1,/k¹F:.1,/x.1,

lsinksñ �  ò�.1f s 6= sg

9s@<4�,
ñ �X�Dò

movesink(G, s, sg)ñ � ' ò�4�,<J�.pf
>A@/4N*-e1kDBD6:.p9s@/Cè9:BAF:@/.pf{9_9s@/4Ne1B|0�*-eyFT.U,/xHjO.19:@/.U,3*�0�BDCEc�BD,/4�,b9\kDB|4�F\*-F_fiBDe1eUB#jOF�=
ñ  ò sp :=

F:@<BD6T9:4�FT9HcL*�9s@·fi6:BDC
s1

9sB
s2

*y0�0�B-6:J/.1,/k¨9sB¨9s@/43@/B-c�C}4�9:6:.U0
ñ �Dò�6:4�CEB#o-4�*-eUe´*-6:0�F�BD6:.1kD.U,L*�9s.U,<k¶*y93,<B|J/4�F�BD, sp ñ .1,/0�e1;/J/.U,<k s2

ò5fi6:BDC
E

ñ ' òg*-J/J�*-6T0�FOBD, sp
9:B

E
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Ê54�É|9·j+4Çc<6:B#oD4�9s@L*�9�9:@/4�.U,b9s4�6Tfi4�6:4�,<0�4hB-f�9:@/4ÇG�µ ¿ >�0�BD,/Fz9s6:;<0�9s4�Jv.1F�*�9CEB-FT9

12 log(n)
�´�Ç4�FT@/B#ju9:@L*y989:@/4�6T4�*-6T4�*y9�C}BDFz9

log(n)
6TBD;/,/J/F�*-,/J9s@<4

.U,b9s4�6Tfi4�6:4�,<0�4�fiBD6A4�o-4�6za�c�BD.1,�9�.U,·4Á*-0�@�6:B-;/,/J�.UFO*y9OC}BDFT9
12
�

�?ÌKÍlÍÇÎt_Ð>]Ð�C UH×bÞ~Ý�ßwØ:×Xä�Û�ã�Ô�í��ðFE�e_âLØ?ÓLÕKÔ I Ø~ÛAãåä²Û�ã�ÕKÓ�×�Ü?ÒUÜ8Þ-ß�Ô¶ã#Ü~ß log(n)á+Û�ã#ãåä�æ´�Ç4�BDI/FT4�6To-4h9:@L*y9·.1,è4�oD4�6TaÄ6TBD;/,/JÄ4�o-4�6zaÄeUBK0Á*-eHF:.1,/x�F�4�FT9s*-I/eU.1F:@/4�F*-,Æ*-6T0¶9sB½*`c�B-.U,b9¹BD;|9sF:.1J/4¶.p9sF�0�BDC}c�B-,/4�,b9
�½>A@<.UF¨*-6T0.UF�J/4�e14�9:4�JÆ.1fA*-,/J
BD,/epaE.pf]9s@/4�e1B|0�*-e�F:.U,<xEB-f\9:@/4�9�*y6:kD4~9A0�BDC}c�BD,/4�,b9A4�FT9s*-I/eU.1F:@/4�FO*-,·*-6T0�9sB¹9:@/4F:BD;<6:0�4O0�BDCEc�BD,/4�,b9Á�´µw,�9s@<.UF�0Á*yF:4Aj84O@L*Áo-45*�0~a|0�eU4H*-,/J�BD,<45*y6:0A.UF´6:4�C}B#oD4�J_�>A@/.UF}.UC}c/e1.U4�F¹9:@L*y9*y9¶e14Á*-Fz9¶@/*-e1f�B-f�9s@<4`eUBK0Á*yeAF:.U,<xKF¶4�FT9s*-I/e1.UF:@<4�JÃFT;/6ToK.poD49s@/4
J<4�eU4~9s.1BD,Æc/6:BK0�4�F:F}*-,/Jr4~oD4�6zarF:;/0�@Ã*-6:0
6T4�J/;<0�4�F¨9:@/4·,K;<C¹I�4�6¨B-f5eUBK0Á*-e
F:.1,/x�F ñ *y,/Jn0�BDC}c�BD,<4�,b9sFsò�IbaÆ@L*ye1få�rµÅ9�fiBDeUe1B�jOF¹9:@L*y9E*yf{9:4�6�*y9}C}BDFT9 log(n)FT9:4�c/FABD,<e1a}BD,/4�0�BDC}c�BD,<4�,b9A6:4�C¶*y.U,/F?jO@/.U0�@
.1F�BD;/6?9s4�6TCE.1,L*y9:.UBD,E0�BD,/J<.19s.1BD,_�

�>A@/4½c<6:BKB-f�B-f�0�BD,/Fz9�*-,b9¶.U,/0�6:4Á*yF:4`Byf�.U,b9s4�6Tfi4�6:4�,<0�4½c�4�6},/BKJ/4`.1FE@/4�*Áo|.1e1aIL*-FT4�J�BD,�9:@/4�kD4�BDCE4~9s6T.U0�eU4�CECE*gc/6T4�FT4�,b9s4�J½4Á*-6TeU.14�6��
�?ÌKÍlÍÇÎD_Ð¶µ�ÐbC UH×bÞ~Ý�ßåØ:×�ä�Û�ã�Ô�í��ðFE�a�Ó�Ø:Þ76�âgÛsã�Õ|Ó�×3ßiâLØ�Ò{ÓLßåØ~Û{äÁØ~ÛsØ~ÓY6�Ø�ãåäHØ�8-Ø~Û�MÓSã�×KØ3ÒUÜ3Ò{ÓY6~ÛsØ:Þ�Ü#Ø:× I M¶Þ-ß+Ô¶ã#Ü~ßNß1Q8Ø�O_8-Øá+Û�ã#ãåä�æ´�Ç4�,/B-9s4�9s@/*y9%.U,h4�oD4�6Tah6:B-;/,/J�9s@/4�6:4E*-6:4¨9wj+B`c�BDF:FT.UI/e14}FTBD;/6T0�4�F�B-f.U,b9s4�6Tfi4�6:4�,<0�43.U,/0�6:4�*-F:4y=
 >A@/43F:@/.pf{9s.U,<k¨B-f²*¨e1B|0�*-e_F:.1,/xEjO.p9s@/.1,�*�0�BDC}c�BD,<4�,b9
�¨>A@/43CE4�6:kD.1,/k¨B-fX0�BDC}c�B-,/4�,b9sF7+a39s@<4+tL6TFT9XBDc�4�6s*y9:.UBD,%BD,/epa3c�B-.U,b9sF«.U,39s@/4+Fs*-C}4?0�BDC}c�B-,/4�,b9´*-6:48*y¸S4�0�9:4�JB-9s@<4�6TjO.1F:4H9s@/45CEB#oD4�B-f_9s@<4�eUBK0Á*-eüFT.U,/x¨j+BD;/eUJ¶,/B-9�I�4�J<BD,/4�*y,/J4Á*y0�@
c�BD.1,b9.U,½9:@L*y930�B-CEc�BD,/4�,�9%.1F�0�B#oD4�6:4�JÆ*y93C}BDFT93ô
9s.1CE4�F�Iba�*-6T0�F3.U,�9s@<4¨F:@/BD6z9s4�FT9cL*y9:@gB-9:@/4�6zjO.UF:4?j84+0�BD;<eUJg.1,b9s6:BKJ/;/0�4�*HF:@/BD6z9s0�;<9Á��ëLBD6]9:@/48FT4�0�B-,/J¨BDc�4�6s*�9s.UB-,9s@/4¨xy4�a�c�BD.1,�9�.UF�9:@L*y93BD,<e1a`*-6:0�F�9sB
,/4�*-6:4�FT93,/4�.UkD@�I�BD6:F�Byf+9:@/4¹eUBK0Á*ye´F:.1,/x�F*-6:4E4�Fz9�*-I/e1.UFT@/4�J_��µÅ9gfiBDeUe1B�jOF39s@/*y9¹9s@<4F:4~9¨B-fOF:;<0�@Ã*-6T0�F¹0�B#oD4�6T.U,/k�*�c�BD.1,b9

u
@L*ÁoD4¨,/Bc/*-.U6zjO.UF:4�.U,b9s4�6:FT4�0�9:.UBD,S��?�9:@/4�6zjO.UFT4¨*eUBK0Á*-e\FT.U,/x�0�BD;<eUJ½0�BD,/,/4�0�99sBg9:@/4�eUBK0Á*ye�FT.U,/x},/4Á*y6:4�6�9:@L*-,

u
é|9:@/4�e14�C}C¶*�ô<� îgk-;L*-6s*y,�9:4�4�F�9s@L*y989s@/4�,�*�9CEB-FT9

6
*-6T0�FO0�B#oD4�6�*y,�akD.1o-4�,�c�BD.1,b9Á�

�µÅ9X6:4�CE*-.1,/F_9sBHc/6:B#o-4+9s@/*y9«,/4Á*-6T4�Fz9²0�B-CEc�BD,/4�,�9«0�BD,/,/4�0�9sB-6´*-e1kDBD6T.19s@<Cv6:;<,/F.U,Çc�BDepaK,/BDC}.¼*-e²9:.UC}4-�½>«B�F:4�4¶9s@/.1F¹,/B-9:4E9:@L*y9¨4�*-0�@Æ6:BD;<,/JÆ0Á*-,ÆI�4.1CEc/e14~ºCE4�,b9s4�J�.U,·c�BDe1aK,/B-CE.U*-e�9:.UC}4�F:.1,/0�439s@/4�6:43.UFH*�BD,/epa
*�eUBDkb*y6:.19:@/C}.U0H,K;<C¹I�4�6B-f�6TBD;/,/J<F�=�ë´.U,/J<.U,/k
9s@<4E,/4�*-6:4�FT9�,/4�.1kD@�I�B-6%ByfA*·eUBK0Á*-e²FT.U,/x�F%0Á*-,hI�4EJ/B-,/4IbanFTBD6T9:.U,/kÇ9s@/4�c�BD.1,b9sFE*-0�0�BD6:J/.1,/k�9:BÇ9s@<4�.U6EJ/.UFz9�*-,<0�4�9:B�9s@/*y9¶e1B|0�*-eOF:.1,/xü�G�B#oK.U,/k�9:@/4½FT.U,/x�F
0Á*y,èI�4½J<BD,/4½.1,Âc�B-e1aK,/BDC}.¼*-e�9:.UC}4�IbaÃF:@/BD6z9s4�FT9
cL*�9s@0�BDC}c/;<9s*y9s.1BD,/F��
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¸�¹»º�¼ � ¼)½�¾L¿©À=¿NÁ2Â�Ã �ÅÄ Á�Æ:Ç�È�Â!¿�È0ÉbÊ � Ê)¿©Ë�Ç �!Ì)Í À�Î Í�Ï ½�ÐwÇ�ÑYÎLÐ!Æ±ÒcÇ�È!Ç�Ò Ï ÒxÓPÉ�Æ:½�¾LÆÔÆ±Ñ ÎLÆÔÇ�È!ÆÔ¾
ÎL¾�Æ:Æ�Õj¿bÈ0ÆÔÀs¿NÖ!Ö!¾ Í©× Ç�Ò]¿NÎ�ÆuÒuÇ�È�Ó¶Ò]¿ × Æ�Ø Ï ¿NÁ�Ç�Î Ù �7Ú Æ�Û�Ð!È!Ç¦ÛÔ¿�ÁW¾�Æ:Ö Í ¾1Î�Â Ú Ê¤Ü � ÓPÝ!¹»Ó¶Þ�Ý0Â
ß ¾ Í À¯Èáà)È0Ç�Ë�ÆÔ¾�Ñ1Ç�Î Ù�Â�¹�Ý�Ý!¹ �¸ � º �D� ¼)¾ Í ¾�¿�¿NÈ0É�Ü �Sâ�Ï È0É ��Ì ¿�¾LÉ!È!Æ:ÑLÑ ÍNã ¿NÖ0Ö!¾ Í©× Ç�Ò]¿JÎ�Ç Í ÈÅÑ ��äYå�åXæLçÔè�é_ê����>éAçNë3�Jì íSçJæîé �Fï�êxð
ñ çNæ,ò,óYô>ï��Jæ�õ�åXæ�ç�ö»ìï�»êxðN�¼��ö»ìï�xç ñ�÷ çJë��{�Ôë��>ð Â�Ö0¿�½�Æ�Ñ¯ø�Ý�ÝJùSÞ�Þ � ÂÅ¹:Ý�Ý ���¸ øJº�à ��ú ÆÔÇ�½�Æ � ¼´Î�Ð!¾LÆ:Ñ�Ð Í Á¦É Í�ã Á�È�È ãFÍ ¾Y¿NÖ!Ö!¾ Í©× Ç�Ò]¿NÎ�Ç�È!½�Ñ1ÆÔÎYÛ Í Ë�ÆÔ¾ �Åû�çNü�æîë-�Jì�ç ñ �Fï���äxý«þÿ ûNäxý«þ�� Â!Þ ��� Þ�� � � ø�ÞJù ���~� Â!¹:Ý�Ý�� �¸ ÞNº	� ��ú0Ï ÆÔ¾LÆÔ¾�¿�È0É ß´� Ê)¿�½�Ð0¿©ËJ¿�Û�Ð0¿N¾LÇ � ¼)Ö!Ö0¾ Í©× Ç�Òc¿NÎ�Ç�È!½áÎ�Ð!ÆcÒcÇ�È0Ç�Ò Ï ÒuÓ¶É�Æ:½�¾LÆÔÆcÑ ÎLÆÔÇ�È!ÆÔ¾
ÎL¾�Æ:Æ,Î Í À¯Ç�ÎLÐ!Ç�È Í È!Æ ÍNã�Í Ö�ÎLÇ�Ò]¿�Á ��û�
�ä,ì íSçJæîé �Fï�êxð Â�¹� � ø�� � Þ � ÝJùSÞ � ø!ÂÅ¹:Ý�Ý�Þ �¸ � º	� � ú!Ï ¾�Æ:¾,¿NÈÅÉ ßX� Ê)¿�½�Ð0¿©ËJ¿�Û�ÐÅ¿N¾LÇ � ¼)È�È0Û�¿�Ö!Ö!¾ Í©× Ç�Ò]¿JÎLÇ Í Èw¿�Á�½ Í ¾LÇ�ÎLÐ!Ò ãFÍ ¾)Î�Ð0Æ�ÒcÇ�È0Ç�Ó
Ò Ï Ò²É�ÆÔ½�¾�Æ:ÆxÑ�Ö0¿NÈ0È!Ç�È0½�Î�¾LÆÔÆxÖ!¾ Í�� Á�ÆÔÒ ��óYæ�ç ÷ 
Yç ñ �Fï������~�_ï�ä,ë0ë0ü��Nì ä,ì_ìÿ�Ôæw�PçJë ý.çJë ñ 

çNë`ý.çJêuêxü�ëÅé ÷ ���2éAçJë��,ýWçNë��2æ�çJì<�JëXõoý.çJê�åXü#�2é_ëSí Â!Ö0¿N½�Æ:Ñ � �©ÞJù � �0¹�Â0¹�Ý�Ý ���¸ � º	� ��ú�� ¾LÆÔ¾=¿NÈ0É ßX� Ê)¿�½�Ð0¿©ËJ¿�Û�Ð0¿N¾LÇ � ¼�Ö!Ö!¾ Í©× Ç�Ò]¿JÎLÇ�È0½�Î�Ð0Æ,ÒcÇ�È!Ç�Ò Ï Ò¤É�Æ:½�¾LÆÔÆ�Ñ�Ö0¿NÈ0È!Ç�È0½
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